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Abstract: This study presents a comparative analysis of three numerical approaches applied to the
diffusion equation: the conventional finite difference method, the mesh-free radial basis function—
generated finite difference (RBF-FD) method, and a graph neural network (GNN) designed to
approximate temporal evolution. In the mesh-free formulation, the RBF-FD approach constructs a local
finite-difference operator using polyharmonic spline basis functions, achieving both high spatial accuracy
and numerical stability. The GNN framework learns the temperature evolution directly from training data.
Each node of the graph represents a spatial location characterized by its coordinates, initial conditions,
and local neighborhood connectivity. Through successive message-passing operations, the network
implicitly learns local diffusion-like interactions. Numerical experiments demonstrated that the GNN
successfully reproduces the time evolution of diffusion even when applied to a spatial resolution different
from the training resolution (from a 50 X 50 to a 60 X 60 grid). These findings indicate that the proposed
GNN-based model serves as a flexible and accurate surrogate for classical numerical solvers, bridging
traditional finite-difference and mesh-free approaches while enabling efficient, data-driven simulation of
diffusion phenomena.

Keywords: finite difference method, RBF-FD method, graph neural network, diffusion equation,

generalization ability

EAMEERTESR, No. 26, p. 167-177 (2025)



A ff] 3L

1. [ZC&HIC

{5y 7R 0 (PDE) OBUBEMRAIT T 538 T
EARAIRTHY, SRR FIEDRVELZ T T
BAFE ST E 7o, B, Morckt+ 555
I S OSBRI 18 HfdDA A T —DIFR)
BEIBIVC . Lo L7eds b ERRO K5
EFHRE L CASFINEND L OITR>TeDITEH
TR O KIE COBGER R4 ThH 5.
—J7C, HRETDREGOWEN T DA RES D
MBS 58360 b TR Y, Zo& &N
SO, A ATV AIRAENTE (FDM) Tho.

AIRZESEIM T (A vy =) OERERTEE
LTHY, EHERBIROAREE 205 2
DG AL, A FAERRBERDEINGH A R
FHLEORSRAMERD. 5T, BT -2
L2 b a URERE T DR, BHEAH
HIfE 7 EICRE SN WD Z LITENTHD. 20
7z, BT —2 LD L F Y & THIE
SROBIARE 1S, HAEfHr ofi & LTS
T&T. ZOLIHEREND Ay v a7 U —FENK
Z RSN TET. AIREDIEOV A A A >
Y27 V=R L2 FEL LCRBF-FD (Radial
Basis Function-generated Finite Differences) &
(ETD FENMONTWD. ZOFEE, HH
FRCIER < WL U7 s Ok HE A oy T
FHIIPTELEANT e —F L L THERSN
CTv% (Fornberg, B., Flyer, N. (2015).

—J7, AL BT DS R A E I T — & BRE D
TRIESE 2RI U T Risos ST RO AN E R &2
£ TV D, fRZEAHID Physics-Informed Neural
Networks (PINNs) T& ¥, Raissi (2019) 52 &
DIRRIES T, PINNs (3, FEEE (MELTGUT
KFflS) 2 A& LT, d@fwBiie LTz
P, W RRCONIISRA T L BT RS LA 4R

168

KBS RS AT Z & T, K TAERICE LN
TRNTHR ARG 2 FTREIC LT, ZOOERICIWT,
PINNs |J58 278 A v a7V —Dyal—g
VREEE D (RN 2023, 2024). LinLZJF
Fami, #hT—42 & L COBRLEIROLNS
HAREERBAEZ AT 25A12E, FEPAE
eI R N 3¥ =1 TV A QAYY

ITAF Graph Neural Networks (GNNs) & FE I
5%y b= R LY R 2 b—y g b Al
IZHER LTS (2, 2024). GNN X 2000 4
ROBEREARET (Scarselli, F., et.al., 2008), 2017
0> Message Passing Neural Network (MPNN) #4
FHATHE—HNZEEBR S U K 23R L7= (Gilmer,
J,etal 2017). WEEY 2 2 L— 9 08T, kL
THRRA Y2k TT7ELUTRIAL, LD
A=y 7 U RPN B
R 2 9 D VA ZA 3, BiA - B 7R
ETHEIESNTWS (GNS, MeshGraphNets 73
&) (Sanchez-Gonzalez, A., et al. 2020, Pfaff, T, et
al.,2021).

Z ORRICIEFBRE D ED LIV TND 2 b O
JE& = 2R U T AR o TR o fifiE D Fik(,
Ay aZ V—DFETHY, ETAERDTDDT;
NINBIRS HL, ORI AU EL & . AAFFE T,
2 WotDEMBE A A RIRIT, Ay a7 )—0
WY R 2 b—ra AL GEEna 7o . B
723 HB & LC RBF-FD & GNN T35 it L7z,

ARFFECUE, B ORMG R CH H8MA
BHREALEMIZ LT, ARZESE (FDM), A >
Va7 U —0F55E (RBF-FD), &6/ 77
2—F /%y hU—27 (GNN) @ 3 FiE%xH
W B fRE A R L, 2D & HRSRETT S,



YOIk RBF-FD #: & GNN (2 X 2 B[ 38 R U Bl o Ehifi

RS TRFL 2D K91, FRET LV E L
TIIMATREDMFAES D 2 RTT DB L LTz,
KI5 & T D DIFLLN T OBYREARE K 25D 2

WIEMRE R TH 5.
ou 0%u . 9%u
o KGat52) M

Z 2T ulx,y, ) IXEESHATHY, SRITEMAE
PRI IR I RAT L7V K=0.1 DEE ST 5.
55t 0 Q TiX Dirichlet £ u(x,y,t) = 0 % i /&
LTW5ET 5, ThbbiEd~ Tk -
LT, SIS OB SISV 93 E &

1.0

0.8

0.6

0.4

0.2

0.8

0.%.

0.6 1.0

1
1.0

0.8

0.50, t)

u(x, y=

0.2

0.0

o TWA. WIIEIETT 4 U 7 LEERSAE D
BDT 77T UEAEMEOIEEAE— R

u(x,y,0) = sin(mx) sin (my) 2)

& LTe. 92 LHHIERAT: & SRR R 2 ffdT
FRILIT O & 512, Kfiliox L TAME 85It
Bl L CIRESIIIER L, IR B i
2.

u(x,y,t) = exp(—2m2Kt) sin(mx) sin(my) t=0 (3)

AIFFETILZ OfffTiRZ EREL LT, £33
L— g U REO SRR A ED 5 .
FHEMEEIIx W, y Hmé b
[0,1] OEALIESEE Uiz, KefHwE
X0 205 012 ETERGEL, 57
REZ & LTe. 2200 RIS 2 RSy
|2 1% Crank—Nicolson % % i f 4 5.
B 1IZRRE LTS 2 kot
Zand. ET 203N 0 v 0.12
FTTHZNZEAL T, y=0.5 TOWr
BT DI SR 2R T

u(x, y, t)

3 AMRESiEE RBF-FD &

0.0

(H2) TEAONLMHEHKL L TORES .

3.1 AMRESE (FOM)
BRAMNET, IE<AMHATND
K0T b EARR 2 it D—>oT
BV, R OM & AR Tt
LlT 5. AW THER LT HEET;
BB, 2 TIEE O RES
Z W CZEMBER L 21TV, RFRIZ R
{2 1% Crank—Nicolson £ % £ H L 7-.
Crank—Nicolson JAIFZAIHD 2 YOG

0.0 0.2 0.4 0.6 0.8

%

1.0

ZRD, BUEZEMEICEND Z &b

2 y=0.5 TOME#R L TORES OB FEZIL0A 5 0.12

FT. 0.02ZAHT, TADBESADEILNRINTINS.

169

BMe B TR DAFHER) T SEHERRIE & &



A ff] 3L

nTN5%.

3.2 RBF-FD j% (Radial Basis Function—
generated Finite Differences)

RBF-FD {AI 3B 2 fiifE & L7aW 720
THY, HELRES L OHMOBEE 2 I
PTEDFETHD. Mg U1) 2%
AN IZIE, AHREZITC 2 RO O

__z o%u
RIS 20 ER B S, 2072, Filixy = (xy,10)
DI CRAT N 15061 OBELS

= {xJ (x],y])}] 1 (5)
o TCLLTFD X T T T TV T BT T
Il 5.

Au(xg) =~ X3 wju(x)) (©6)

ARFFE CIIHGELAS & LT N=31 JiD 7 —ADT A
NEATo - BEA (Wi X, LUT O 2 A
FEHBISET L O IRES LS.

£, B REBEL (RBF) O(r) 2 EAT 5.
ZZCr=lx—-xltd5 Kj=1,.
WCLLTF 0% K#ﬁibf%é_k%ﬁﬁmﬂﬁ
FELT 5.

N|Z>

(Ld)(” X=X ”))|X=xo = Yr=awi ol Xj — 7)

xi D

ZZCLIRI Y IRAMET 5. SHITE3

PIFOZHEATE A EAT 5.
{1, x,y, x% xy, y?, %%, x%y, xy?, y3} (8
ZORESIER pp () (M =1, ..., M) (M = 10)|2

WKL T, IROERDENTTH5M:2Nz 5.

(me(x))lxzxo = Z%:lwk Pm (k) )

170

ZIT, LRoZEARMFEMALEHIL, RBF
FOHRTIE, BEAERD HEROEST FERDE
FHME AL 2 DT Th D, ZHEAFIIE
AT LT, b L ux 23 REEATHIUT
R\ T R A FRBLC &, R ZEME B IRGE
END. LD 2 SO E RS- w &
B57012, 7770 a R 1 e RM 2RI
5. THEwE, ROBNHTEREHRES Z LI
XoTHELNS.
- 14

ppe = (Il x5 — xc ),
£ = [hU x = 5 Mlemgylor €y = [LPm ) emsy s (11)
Z O ITREADORIEIIw e RN L 2 e R D
A N+METHY, KOKLFETLL N+M
AKEh, ZZTIEN=3,M=10 2D T,
RABUTEFT 41 L7125,

ARAFFE TIT S R EB S (RBF) & L, #
EREEDORENZERTMA T T A B (
Polyharmonic Spline (PHS)) % F\ 7-.

(10)

,,__(“
— —

ij = Pm (Xj),

p@r) =1° (12)

ZDEE2WLTIE

Agp(x) = 2513 (r>0) (13)

PR Y L. BAREIC IS LR BE % (RBF) &M
ELHEN, & OICHELROEIEEN G2 505
&, EREOEN RO THIESE LA HEH R

KT, BEHwIT—EITKRED. ZOTORILE
B TOBELRICK L TEATFR L TRL. %

T LRI TV E I E D %, B Wy (TIF#IFE
(ZE T D Z &iF7R0n,

R[] %6 B2 12 1% Crank—Nicolson(CN) 7 % AW,
RBF-FD [Z L HHE T 77T v a L, T 5L



P FRERIT %95 RBE-FD 7% & GNN (2 X 2 BRRE 8 BBl oD B

WD I HIZETS.

(1= ZKLy)ut = (14 SKL)wr (1)

L%, ZZTut IR BT DR v
BEED) THY, u" ITROBEZNI T D AR
7 hvEied. bbb BHED u" ITBETH Y,
CN R — L %ML 7202 Lyu DSUBZ 72 578,
Z® Lyu % RBF-FD O&EAw, Zffi-> T (X 6)
TR 25 Z &2 b, Z DX HIZRBF-FD %
A Y27 ) —7T, AHAIRR TOREDEZ
FIZ, ROWEZNOWREAZ RO D ZENTE D, &
HIT , BAEEROEe, ZHEAILEDORE &
T 52 L THEORIEATREIC /2 5. F-21EK
HIEZEA L2720, FEXSIEANE S EE O
LEMBRRESIL TN D.

3.3. HEEERER
NIRRT F126F LT 5 8 RE=mIc L b
AIRZEEE VT, BYRE RAOMRA R T-.
RIZ FDMIEDFERDIE L, F&A1C O &
DREEEFTHI L=, WRICZOBAIA v 2 D2 T
DT R DI A 20% 7 2 7 WAL S E T,

104 © o @ o0 0000 00606000000 0900
00 0 4 0, 0,00 g0 g 00 000
@ 0 o0y 00 0 4 00,0 o0 .0 ,00
0 g 00 g0, 00 445490 ,00 45%00 0
08 00 0@ 00 40 50 00 ,° ,0,°, 00
@0 %00 ©g o0 9 gyg00 g0 g0q g0
® 00 000 ¢ 00 0® %o ,0 00 000
0 g 0% 0 5 450% g0 0%0 g0 00 %,
06 ©® g0 00 0 0 0 000 o® 00 0,4,
09 0.0 40 0 .0 0,%5 0% 0,0,
= ©® 00 00 ® 0 g0 0 g5 00 0 0 4 0, 0
©® %9 04 0%, 00 %000 000 *0
041 © ®0 g 0 00 ©® 54 0 4 4%°09 004 00
%o 0 00 0,0 0% 050 00 00° 0
00 0 0 %, 3% 00 % g 0,400 00, .,
® 0 0g 0% 0 0 , 450 % 00 .00 404 %0
0241 ©o ee0e 00® ¢ o0 00 g 049 0,0
0 e ® 000 44,00, 0%0 900 0 ,,
® 00 000° ©® 3 0 04 0% 00,0
@ 000 00, 04, 0,00 0,0,
001 ©o e ® e @ o0 00606 00 000 00 000
0.0 0.2 04 0.6 0.8 1.0

K3 RBF-FD THRELI=A v a7 —DBFRALT

171

RBF-FD THWAHGELRZE-T2. bz A >
T a7 ) —OBESR O EZ M 3ITRT. 2O
ELAT% LT RRRISR 7= RBF-FD ¥E4 5 L,
VR o b—3a U E SN USENTIR & ORRZE % R
L7z, ZIBH0D 2 DOEMNMEDRZED AT 1
\Rd, RHO L2 & L7 FORTHA L
7-.

lell,~ /zi‘jel?j hyehy l el maxx;;|e;l (15)

AR (21 X 2181, k= 0.1, Ar=0.02,
7=0.12) Ci¥, RBF-FD L@ @ FDM |Zx%f L
L2 CHI22 1%, L™ TR 21 i/ NSVl a R LT
(F 1), ZOBRITFERIEC SNDD3,
DZEFZE M ORI T 5.
RBF-FD 1%, ZIEXFELM: L EHMEORWE
FREllc k0, @RERTZ 7737 ikftla b
2HFETH D, AL p =3 O X
D, WH3 U TOZLHEXIEHEICHH S, 1§
ORI L TIERRIIT L 0 mik O 22 kS B
(EZHNTIT 3 ~ 4 RFEE) BEbhnd. —,
5 KPR TOZEMEEIZ 2 IR THD. AL
TIEN=31 &L, AMEANSOEHREZF I
(ZHLD AT, k& TFEEBIFRZERC /) BRAZE 22 Hi] C
X570, FDM LW/hSWiiEL o7, Th
5 1% RBF-FD OfUERAYZL BRI » FEIERY I, &
BAETHRERTH D (Flyer, et al. 2016, Bayona,
2019). AHfFEOR%E (PHS 7°, p =3, N=231)
I% RBF-FD #ESERERLICIE > TH 0, KO OHLA

-
—

-
—

#1 HBEFICHT B FDM & RBF-FD # @A L -84
NDYIAL—YaVERERITRBREORERTER.
BREDEZHRFAXD (K 15) [TL5.

2
]
#RBI4&F DFDM 1.80e-4 3.60e-4
RBF-FD 8.25¢-6 1.72e-5



A ff] 3L

EAZHBNTS FDM A B LRI KRN 5
nre.

4. 557=a—F )Ly b T—% (GNN)

4.1 HBE

757 =a—7)F v h7—7 (Graph Neural
Networks; GNNs) 1, /— Rtz v Unhbakd
7T 7HEEE AN LT, J— FRIOE R
(A=) BHDIRT 2 & TR
BEEHTORE=2—F VXY NT—7 ThH
5. ZZTHEHPHEY I 2 L—var QKoo
FER) ~oEHEE xS, £T/— NITARRZE
INEDKSEF RIS DR TH D03, /— KD
FlE I IHHIE 7 CTh D MEIT R, Avyva”T
U—DfEEEZ TRV, 7272 LATENET — 46X
FRIOTRIEFE 2 OHIRISE & Lz, Ll
MOEET —Z X6 OHAK D2 TTE
X HDTIFRL, ZUXNTEALE, 50, 100,
1000 J8DT —H TiTolz. TD-HFET—X4
WL TH Ay v aZ U —LEATHRNEE X
TW5.

AlEN3A ) — RIZH L TLELFD X 572 6 2D
HEEZ G 2 7. Bt = 0 TOYMIE, HE L
WREZ, x &y DOFERE, Z OFERTORMRE
Rk, EHIZYAZE (EDORDPERTHLHD
WIEROD AT D OFERAE) [u0, t, X, v , k, mask]
ThD. ZOAINTH L THRANZHDIALEI T,
%/ — RORHEEE 128 RO M IVIZHEEE
Liz. 2O MBI LT TFD & 5 7eik)E
TR OFEEBREEZITV, PIHMED S At ORI
L DFES Au, HEE LTZ. ZOEEE-T, &
Brau " = ul" + Au, & U, RERIZEIR AR L7z
ATy I E L Ff -, /—F
Mo 8 irfFHeke & L TR L7, FREZIIE 0.0 226

172

0.12 £ T 0.02 22 TEE T SORLI DT — 4 %
HAE L.

4.2 GNNZEZE
ANBEYE 7S5 7 L L, &%/ —RiDA
TIRAFEIE 6 TRoeR T hL

hi(O) =[ul, t, x, y,K;, mask] € R® (16)

ET 5. 2L u I3RS n DR CH HIRE, K,
BB CH D, ZOFETREIRBNDBRET
5728, 1 JEBICHDIABRZITV 128 T ~EKR
BT 5.

W =0 (WORD +b®), WO e R, p© e R (17)

2T ol WEMLES ReLU) TH%S. Zoh"
o T, JEEENARHAEMO=2—TF Ly b
U — 27 LIAERIZ h(2) h(N) &5 2 &
WTED.

EREAD=a—F Ry NU—7 LiEST,
GNN DAL ) — RITE L MFTO1E, s
D) —ROIHREEZD. T OB Dk
%, 77 7% 70 7 ERYE (GraphSAGE ¢
Graph SAmple and aggreGatE) & FEEIL, HARH)
Iy P TORDIIZ ) — ROFRHEEORTD,
I, FoIME, BKEREPMBNTND.
Z Tl HEIEIZIE GraphSAGE (1) % v 5.
IBHIZBWT, /—FiOEES NG) O
%

-
~—

o _

1 0
= ijeN(i) h; (18)

LEEL, HOMEERG L TREE

WD = o (WO AP + WO m® + 5O

self " nei

) (19)

< FE - = = w®O o
THEHT S 22T VVself’VVnei

b® € R128 [FHENRT A= Th 2.

128x128
ER ,

-
~—

D



PEECT AU RBF-FD £ & GNN (2 J 2 IRFfH]FE T Bl oD bl

LEENRDZ LT, /— i OFH$IZIE L-hop
FDNEWE Tl T 5.
HNE Au 2 TRIL, Hi%IC

bl

A = wheh®™ + boyey, A = ul + AR, (20)

TREAIIR 2155 .
AT — 2 u™ N2 HND &, R

1I(r)1itia| condition u0 with training samples

e train points (N=50)

0.8

0.6

0.4

0.2

0.0

0.0 0.2 0.4 0.6

X

0.8

4 F—HERERID GNN TE X 1z 50 BOEE T—

Training loss (log10)

1345 ) — R CONH) “Fghss

n+1,*
i

ﬁn+1

w1 )

EL, BEVEREICLXY XTI XA —X
wo,wh wh, } % Adam 1% VT
BT 5 . ZO—#HOFEE, At AT v SO

FIFERIEHR 2L L TWD WA D.

Woutr

4.3 ﬁﬁ%%#%
IR LT 50
x%@%?% RE LT
ﬁ%%%%m&izﬁmk
2o TND. ZOREFASITHS
LTI & LI 50 AR
ZORITBWTEET— 2 %
fENTIEDS DVES T2, X 4125
[l D7 — & BRENR GNN D5
B L7 SOEOZETT—
& % 5 2 T2 D 53 A & o
T 51X Z0F&ETOEHE
IRF DB OHERS 27”3
B4 6 I 3fiptiTig & HEE U7 IRED
EERETT 7T, O
6 TERRIN TN D DI

1.0

2RO

Z0.12 £ 0.18 ([ZxfIsT SR
ESATHD. AR L7zL D
W W= D3R4 0.12
ETOETHY, K018 1%
RN L #iP A B2 T
BY, ZOEBETGNN [T
B L CIUkBE 13 6 %
ZENGIND. L ORER
MHT T T =a—F )V Fy b

Ak

-1 A
-2
m
(%]
O
S 31
—
o)
e
—4
_5_
0 50 100 150 200 250
Epoch

300

5 GNNDZETIZHITZERBEHDHT.

173

30400 ol s EEE OV

LR S DA



o ] (2 3¢

L—a UNATRETCTH D Z E R ahoT-.
W7 — 4 % 100 & 1,000 fEIZHE<°L T,
L [FREDOFE E1To7-. 2 3 DDA OfiE
Hrfi &, TIME & ORI TR R 222 2 1R T
ZORND, BT —Z EBRET 2 L CRAZEIT
VF DT NG, BIRERANDIL, &R
2,500 ;UK LT, FifiT — 2 EFREDORE S
TREEBIBER TIE 7R <, 50 DT —H &5 2%
FHEHLLTOV I 2 b— g VRERIES
WTNWDZ NG5,
AMFFETHEEE L 7= GNN =7 /L1L, EF/L)NE
foese Lo SRRy 72 22 FHRAREMR & 7T T & A
LTHFE LTS, FERHIHO SRl

R 2 GNNDFERFICERAL-ZET—2 DEZICKL
T, 2EROFRABELENELORERMER. BRE

DERITEXD (K 15) [2&5.
BT — 5% OEH L?
2.91e-02

50 1.78e-02
100 1.59e-02 2.23e-02
1,000 1.56e-02 1.69e-02

BB LW E WO BMEET 5. £
DFER, FHIZ50 X 502 HW 56T,
[F—aElk A 0 @ 7R 60 X 60 #5F-IZ B L
LC, RUFE%ROETVEZEMAT 52 &3k
Thbd. DFV,GNN T/ — FEORRME (B
PEE) & RIS O A8 U L0 & bE
FKHLTBY, BEENRETA LT v I ARA Y
¥ a WEE IR LI WIMEBE D AR5, ZhuZ
GNN 2E T 5 BIERROVEHI TH Y, 1ERDAESy
ERATRERED X5 1T/ o—8E nE LW
P, FIR DL S IREE~DIBENE S L 72 5.
D LD BN D GNN IFA v v 27 U —72Fik
LIFATH RV, ZORERZ 7 (TRIFEZ] 0.12)
EX8 (TR 0.18) (ZRd. Wi & BIC TRl
SNIIREDIE, iRz A EER>TE
0, FOERRY I 2 L—va URERERLT
WHEFRD.

-
—

0.8 -

0.5, t)
© o o
(9] (o)} ~

o
S
1

u(x, y
© o o
= N w
1 L 1

©
o
I

== true t=0.12
= pred t=0.12
= = true t=0.18
= pred t=0.18

T

0.2 0.4

T T T

0.6 0.8 1.0
X

6 GNN THEESNI=fEL, MBHTIEL DL

174



0.5, t=0.12)

u(y=

0.18)

u(y=0.5,t

0.7

0.6 -

0.5 A

0.4 -

0.3 -

0.2

0.1 -

0.0 A1

©
~
1

o
[&)]
1

o
w
1

o
o
1

©
w
1

o
N
1

0.1 -

0.0 A

P FRERIT %95 RBE-FD 7% & GNN (2 X 2 BRRE 8 BBl oD B

0.8 A - true

m— pred

ofo Of2 O.'4 0j6 Of8 le

X

7 FTEMEEHOEFE 050 TEEZETL, ZEIAEZETILEERFEN

60x60 DIFEICHEA L THE LIZEENH. BTELERTRRLTWLS.

BZX 0. 12 THY, ZOBZITEERT—42 % 50 A5 2 -BFEZTHS.
== true
= pred

OjO Orz 0.14 0j6 0f8 le

X
8 ETEMEHOETF % 50x50 TEEETLY, FEINEETILEHTH 60x60 DIFEI

BRALTHELLREEST. BB EERTRTLTVS. FARZIZ018THY, F
BT —SOHEEAZEA TS, COERERD LGN ISITAILRERADH S AN D.

175



A ff] 3L

1. F&EH

K LIZBNWTIERA v a7 ) =Ry
a2 lb—ya R LUTREE T2 AR
INERCHBRESRIAICBE LTI A v v 2 5B ORI E
DEUEE B 2 B, B Bax e FIEIMER S
NT&Eo. ZZTIHAREMETHSATYD
RBF-FD {52 H0 EIFC, HA1C X > CRAN
T-EFIH LT ABRASEL O DRE OB RE
IS ENHDLZ L ER L.

—J7, IHAEREICHITEA T O TV D IRE S
BEFRA LYY I 2 L— 3 LT,
AENXT T 7 =a—TF V%Y NT—7 OFEEKR
T, ZOFETEENGR L2055, KT
THEW, BITREZ7 70/ —RERRL

-—
—

D ) — RIZEME R E OO E, 15
EERREE ) — FOFSEL L THEZD. £

LT, 207772 AN)1E LT, 128 IRTTDFHH
HOIAAEDFZIZ, 4 8D Graph Neural Network
(GraphSAGE) J& % 842, it Rz K-
T Au Z#HEET DS Z B L. BEFBRORE
R, DEH TV T RS CREZISMEIC S IR
GNN ZHEE &7z,
SHOMEE LTIE, RHEERGEEZ RO
Sr~DH, & 5HIZPINNs D& 2 OB AN Y
WEZHND. AEIOIFFIZHEZ: GNNIZXL D
WY R 2 L—1a T, ZOFETEHEFE
FELTWD eV mE, PUEREIARENE W
DHNIoTe. ZHUTEY I 2 L—v g U
R U CIIFERICEE 2R M Ch D, GNN I,
FREELBE EOTFETH OV SBOMZIZ L -
TRV IRFRR AN RSND EBx DD, &
% b ZOFEORRITA L LTV,

176

SCHR

Bayona, V. (2019): An insight into RBF-FD
approximations augmented with polynomials.
Computers and Mathematics with Applications,
77,2337-2353.

Flyer, N., Fornberg, B., Bayona, V. and Barnett,
G. A. (2016): On the role of polynomials in
RBF-FD approximations: 1. Interpolation and
accuracy. Journal of Computational Physics,
321, 21-38.

Fornberg, B. and Flyer, N. (2015): Solving PDEs
with radial basis functions. Acta Numerica, 24,
215-258.

Gilmer, J., Schoenholz, S. S., Riley, P. F., Vinyals,
O. and Dahl, G. E. (2017): Neural message
passing for quantum chemistry. Proceedings of
the 34th International Conference on Machine
Learning (ICML 2017), 70, pages 1263—1272.

RARAESC (2023) : WERFHRICE S =2 —T L
Ky b U—27 ORI ATRENE, TR #E TR
R, 24, 195-204.

FARESC (2024) + ==2— F o OIEANC S E
SIEB) OBIEHETE & R~ PINNs D)
. TREHETRFFERTAER, 25, 113-124.

Pfaff, T., Fortunato, M., Sanchez-Gonzalez, A. and
Battaglia, P. W. (2021): Learning mesh-based
simulation with graph networks. International
Conference on Learning Representations (ICLR
2021)

Raissi, M., Perdikaris, P. and Karniadakis, G. E.
(2019): Physics-informed neural networks: A
deep learning framework for solving forward
and inverse problems involving nonlinear

PDEs. Journal of Computational Physics, 378,



P FRERIT %95 RBE-FD 7% & GNN (2 X 2 BRRE 8 BBl oD B

686—707.

Sanchez-Gonzalez, A., Godwin, J., Pfaff, T., Ying,
R., Leskovec, J. and Battaglia, P. (2020):
Learning to simulate complex physics with
graph networks. International Conference on
Machine Learning (ICML 2020), 119, 8459—
8468.

Scarselli, F., Gori, M., Tsoi, A. C., Hagenbuchner,
M. and Monfardini, G. (2008): The graph
neural network model. /EEE Transactions on
Neural Networks, 20(1), 61-80.

VeErass (2024) 1 77 7 =a—F0Fy NU—
7. GHRRAL, 336p.

177



